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RADII OF STARLIKENESS AND CONVEXITY OF REGULAR COULOMB WAVE
FUNCTIONS
A´RPA´D BARICZ⋆, MURAT C¸AG˘LAR, ERHAN DENIZ, AND EVRIM TOKLU
Dedicated to the memory of Petru T. Mocanu
Abstract. In this paper our aim is to determine the radii of univalence, starlikeness and convexity of
the normalized regular Coulomb wave functions for two different kinds of normalization. The key tools
in the proof of our main results are the Mittag-Leffler expansion for regular Coulomb wave functions,
and properties of zeros of the regular Coulomb wave functions and their derivatives. Moreover, by using
the technique of differential subordinations we present some conditions on the parameters of the regular
Coulomb wave function in order to have a starlike normalized form. In addition, by using the Euler-
Rayleigh inequalities we obtain some tight bounds for the radii of starlikeness of the normalized regular
Coulomb wave functions. Some open problems for the zeros of the regular Coulomb wave functions are
also stated which may be of interest for further research.
1. Introduction
Motivated by the beautiful properties of special functions, in the recent years there was a vivid interest
on geometric properties of special functions, like Bessel, Struve and Lommel functions of the first kind;
see the papers [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 18, 19] and the references therein. The determination of
the radii of starlikeness and convexity of some normalized forms of these special functions was studied in
details by the first author and his collaborators. More precisely, recently the authors in [6], [7] and [8]
obtained the radii of starlikeness of order β, the radii of convexity of order β and the radii of α-convexity
of order β for three kind of normalized forms of the Bessel functions of the first kind Jν in the case when
ν > −1. Moreover, recently the authors in [9] and [19] investigated the radii of starlikeness of order β
and the radii of convexity of order β for the normalized Bessel functions in the case when ν ∈ (−2,−1)
by using a little bit more complicated analysis than in the case when ν > −1. In these papers the
positive zeros of the Bessel functions of the first kind played an important role, and the knowledge of the
distribution of the real and nonreal zeros of Bessel functions of the first kind was essential. It was also
shown that the technique used in order to deduce the radii of starlikeness and convexity for the case of
Bessel functions it is also working for normalized Struve and Lommel functions, but some basic facts for
the positive zeros of these functions were needed. See the papers [5], [10] and [11] for more details. Here
the Laguerre-Po´lya class of real entire functions played an important role. These radii of starlikeness and
convexity are in fact solutions of some transcendental equations and hence it is also worth to find some
estimates for them. In a recent paper [1] the authors found some tight lower and upper bounds for the
radii of starlikeness of some normalized Bessel, Struve and Lommel functions and they also have shown
that the corresponding radii of starlikeness are in fact equal to the radii of univalence. Motivated by the
above series of papers in this subject, in this paper our aim is to present some similar results for the
normalized forms of the regular Coulomb wave function. We are mainly interested in this paper on the
determination of the radii of univalence, starlikeness and convexity; we will present also some conditions
on the parameters such that the corresponding regular Coulomb wave functions belong to some special
class of analytic functions; and finally, our aim is also to show some lower and upper bounds for the radii
of univalence and starlikeness. As we can see the technique used for Bessel functions of the first kind
is also working here, and thus the regular Coulomb wave functions belong also to the family of entire
functions which have nice geometric properties. The paper is organized as follows: the rest of this section
is dedicated to some basic definitions. Section 2 contains the results concerning the radii of univalence,
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starlikeness and convexity of normalized regular Coulomb wave functions, and its last part is devoted
to the study of starlikeness of regular Coulomb wave functions. At the end of this section some open
problems are stated for zeros of regular Coulomb wave functions, which may be of interest for further
research. In section 3 we present the proofs of the preliminary and main results.
Before to start the presentation of the results we recall first some basic definitions. For r > 0 we
denote by Dr = {z ∈ C : |z| < r} the open disk of radius r centered at the origin. Let f : Dr → C be the
function defined by
(1.1) f(z) = z +
∑
n≥2
anz
n,
where r is less or equal than the radius of convergence of the above power series. We say that the function
f, defined by (1.1), is starlike in the disk Dr if f is univalent in Dr, and f(Dr) is a starlike domain in C
with respect to the origin. Analytically, the function f is starlike in Dr if and only if
Re
[
zf ′(z)
f(z)
]
> 0 for all z ∈ Dr.
For β ∈ [0, 1) we say that the function f is starlike of order β in Dr if and only if
Re
[
zf ′(z)
f(z)
]
> β for all z ∈ Dr.
The real number
r∗β(f) = sup
{
r > 0
∣∣∣∣Re
[
zf ′(z)
f(z)
]
> β for all z ∈ Dr
}
is called the radius of starlikeness of order β of the function f . Note that r∗(f) = r∗0(f) is in fact the
largest radius such that the image region f(Dr∗(f)) is a starlike domain with respect to the origin.
The function f, defined by (1.1), is convex in the disk Dr if f is univalent in Dr, and f(Dr) is a convex
domain in C. Analytically, the function f is convex in Dr if and only if
Re
[
1 +
zf ′′(z)
f ′(z)
]
> 0 for all z ∈ Dr.
For β ∈ [0, 1) we say that the function f is convex of order β in Dr if and only if
Re
[
1 +
zf ′′(z)
f ′(z)
]
> β for all z ∈ Dr.
The radius of convexity of order β of the function f is defined by the real number
rcβ(f) = sup
{
r > 0
∣∣∣∣Re
[
1 +
zf ′′(z)
f ′(z)
]
> β for all z ∈ Dr
}
.
Note that rc(f) = rc0(f) is the largest radius such that the image region f(Drc(f)) is a convex domain.
Finally, we recall that the radius of univalence of the analytic function f in the form of (1.1) is the largest
radius r such that f maps Dr univalently into f(Dr).
2. The radii of univalence, starlikeness and convexity of Coulomb wave functions
Let 1F1 denote the Kummer confluent hypergeometric function. The regular Coulomb wave function
is defined as
FL,η(z) = z
L+1e−izCL(η)1F1(L+ 1− iη, 2L+ 2; 2iz) = CL(η)
∑
n≥0
aL,nz
n+L+1,
where L, η ∈ C, z ∈ C,
CL(η) =
2Le−
piη
2 |Γ(L+ 1 + iη)|
Γ(2L+ 2)
=


2L
(2L+1)!
√
2pi
∏
L
k=0(k
2+η2)
η(e2piη−1) , if η 6= 0
2LL!
(2L+1)! , if η = 0
and
aL,0 = 1, aL,1 =
η
L+ 1
, aL,n =
2ηaL,n−1 − aL,n−2
n(n+ 2L+ 1)
, n ∈ {2, 3, . . .}.
In this paper we focus on the following normalized forms
fL,η(z) =
[
C−1L (η)FL,η(z)
] 1
L+1 and gL,η(z) = C
−1
L (η)z
−LFL,η(z),
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and we are going to present some interesting results on these two functions by using some basic techniques
of the geometric function theory.
2.1. The radii of starlikeness of the functions fL,η and gL,η. Our first main result is related to the
radii of starlikeness of these two normalized regular Coulomb wave functions. However, before to present
our first main result we focus first on a technical result, which will be needed in the sequel.
Lemma 1. If λ ∈ [0, 1], a > b > 0 and z ∈ C such that |z| < b, then
(2.1) λRe
z2
a(a± z) − Re
z2
b(b± z) ≥ λ
|z|2
a(a± |z|) −
|z|2
b(b± |z|) .
Now, we are going to determine the radii of starlikeness of the normalized Coulomb wave functions.
Theorem 1. Let L > −1, η ≤ 0 and β ∈ [0, 1). Then the radius of starlikeness of order β of the function
fL,η is the smallest positive root of the equation
rF ′L,η(r) − β(L + 1)FL,η(r) = 0.
Moreover, the radius of starlikeness of order β of the function gL,η is the smallest positive root of the
equation
(L+ β)FL,η(r) − rF ′L,η(r) = 0.
It is important to mention that the regular Coulomb wave function is actually a generalization of a
transformation of the Bessel function of the first kind. Namely, we have the relation
FL,0(z) =
√
piz
2
JL+ 12 (z),
where JL stands for the Bessel function of the first kind and order L. Taking into account this, it is clear
that Theorem 1 in particular when η = 0 reduces to the following interesting results, and one of them
naturally complements the results from [6]. Note that in the simplification of the expressions fL,0(z) and
gL,0(z) we used the Legendre duplication formula for the Euler gamma function, that is, we used
C−1L (0) =
Γ(2L+ 2)
2LΓ(L+ 1)
=
1√
pi
2L+1Γ
(
L+
3
2
)
.
The result on fL− 12 ,0 is new and complements [6, Theorem 1], however, the result on gL−
1
2 ,0
is not new,
it was proved in [6, Theorem 1]. Thus the second part of Theorem 1 is actually a generalization of part
b of [6, Theorem 1].
Corollary 1. If L > − 12 and β ∈ [0, 1), then the radius of starlikeness of order β of the function
z 7→ fL− 12 ,0(z) =
[
2LΓ(L+ 1)
√
zJL(z)
] 1
L+1
2
is the smallest positive root of the equation
rJ ′L(r) −
[
β
(
L+
1
2
)
− 1
2
]
JL(r) = 0.
Moreover, under the same conditions the radius of starlikeness of order β of the function
z 7→ gL− 12 ,0(z) = 2
LΓ(L+ 1)z1−LJL(z)
is the smallest positive root of the equation
rJ ′L(r)− (β + L− 1)JL(r) = 0.
2.2. The radius of univalence of normalized Coulomb wave functions. In this subsection our
aim is to show that the radii of univalence of the functions fL,η and gL,η correspond to the radii of
starlikeness. Moreover, we will present some lower and upper bounds for the radii of starlikeness of these
functions. The method which we use goes back to Euler and it was used recently in [1], see also [13, 21]
for more details.
Theorem 2. If L > −1 and η ≤ 0, then the radii of univalence of the functions fL,η and gL,η correspond
to the radii of starlikeness. Moreover, if L > −1 and η < 0, then we have that
(2.2) r∗(fL,η) >
(L+ 1)2
√
2L+ 3√
L4 + 6L3 + (η2 + 12)L2 + 2(3η2 + 5)L+ 3(2η2 + 1)
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and
(2.3) r∗(fL,η) <
2(L+ 2)(L+ 1)2(L4 + 6L3 + (η2 + 12)L2 + 2(3η2 + 5)L+ 3(2η2 + 1))
η(4L7 + η1L6 + η2L5 + 8η3L4 + 2η4L3 + η5L2 + 9(5− 28η2)L − 72η2) ,
where η1 = 41− 8η2, η2 = 163− 74η2, η3 = 41− 32η2, η4 = 178− 223η2, η5 = 199− 438η2. In addition,
the radius of starlikeness (and univalence) of gL,η satisfies
(2.4) r∗(gL,η) >
(L+ 1)
√
2L+ 3√
3L2 + 2(η2 + 3)L+ 3(2η2 + 1)
and
(2.5) r∗(gL,η) <
(L+ 1)(L+ 2)(3L2 + 2(η2 + 3)L+ 3(2η2 + 1))
η(8L4 + (31− 16η2)L3 + 2(19− 26η2)L2 + 3(5− 22η2)L− 36η2) .
2.3. The radius of convexity of the function fL,η and gL,η. The next set of results concerns the
radii of convexity of the functions fL,η and gL,η.
Theorem 3. If L > − 12 and η ≤ 0, then the radius of convexity of order β ∈ [0, 1) of fL,η is the smallest
positive root of the equation
(2.6) 1 +
rF ′′L,η(r)
F ′L,η(r)
− L
L+ 1
rF ′L,η(r)
FL,η(r)
= β.
Moreover, if L > −1 and η ≤ 0, then the radius of convexity of order β of gL,η is the smallest positive
root of the equation
r2F ′′L,η(r) − (2L+ β − 1)rF ′L,η(r) + L(L+ β)FL,η(r) = 0.
It is worth to mention that when η = 0 the above result on fL,η reduces to the following new result on
Bessel functions, which naturally complement the results from [8]. The result on gL,η in the particular
case η = 0 reduce to a known result from [8, Theorem 1.2].
Corollary 2. If L > 0 and β ∈ [0, 1), then the radius of convexity of order β of the function fL− 12 ,0 is
the smallest positive root of the transcendental equation
1 +
r2J ′′L(r) + rJ
′
L(r) − 14JL(r)
rJ ′L(r) +
1
2JL(r)
− L
L+ 1
rJ ′L(r) +
1
2JL(r)
JL(r)
= β.
Moreover, if L > − 12 and β ∈ [0, 1), then the radius of convexity of order β of the function gL− 12 ,0 is the
smallest positive root of the equation
r2J ′′L(r) + (3 − 2L− β)rJ ′L(r) + (L− 1)(L+ β − 1)JL(r) = 0.
2.4. Starlikeness of the regular Coulomb wave function. In this subsection our aim is to present
a general result on the starlikeness of the normalized regular Coulomb wave function gL,η. In order to do
this we shall use the technique of differential subordinations by Miller and Mocanu, see [14] and [15] for
more details. In what follows we use the notation D = D1 = {z ∈ C| |z| < 1} .
Lemma 2. Let Ω ⊆ C be a set in the complex plane C and Ψ : C3 × D → C a function, that satisfies
the admissibility condition Ψ(ρi, σ, µ+ iν; z) /∈ Ω, where z ∈ D, ρ, σ, µ, ν ∈ R with µ + σ ≤ 0 and
σ ≤ −(1+ρ2)/2. If h is analytic in the unit disk D, with h(0) = 1 and Ψ (h(z), zh′(z), z2h′′(z); z) ∈ Ω for
all z ∈ D, then Reh(z) > 0 for all z ∈ D. In particular, if we only have Ψ : C2×D→ C, the admissibility
condition reduces to Ψ(ρi, σ; z) /∈ Ω for all z ∈ D and ρ, σ ∈ R with σ ≤ −(1 + ρ2)/2.
Now, we are ready to state the main result of this subsection.
Theorem 4. If η, L ∈ C are such that ReL ≥ 12 , ImL ≥ 1 and (1 + ImL+ |η|)2 ≤
(
ReL− 12
)2
, then
Re gL,η(z) > 0 for all z ∈ D. Moreover, if |η| ≤ ReL − 13 (ImL)2 − 14 , then gL,η map the open unit disk
D into a starlike domain with respect to origin.
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2.5. Some open problems related to regular Coulomb wave functions. In the process of writing
this paper we faced some problems which we were not able to solve. A solution of these problems would
enable us to complete the picture on the geometric properties of the regular Coulomb wave functions.
The first two open problems are related to the nth zero ρL,η,n of the regular Coulomb wave function
FL,η and are motivated by the fact that the zeros of the Bessel function of the first kind are increasing
with respect to the order. A positive answer to these open problems would help us to find sufficient and
necessary conditions on the parameters L and η such that the normalized forms fL,η and gL,η belong to
the class of univalent, starlike or convex functions. Moreover, it would be possible to find also sufficient
and necessary conditions such that gL,η have close-to-convex derivatives.
Open Problem 1. If η ∈ R and n ∈ N are fixed, is it true that L 7→ ρL,η,n is increasing on (−1,∞)?
In the following open problem the word ”somehow” means that we would like to see the derivative of
the zeros with respect to the order in terms of the regular Coulomb wave function values, or its zeros, or
in terms of integrals of which kernel contains some known special function.
Open Problem 2. Is it possible to express somehow the derivative ∂ρL,η,n/∂L?
The next open problem is related to the radius of convexity of the function gL,η. In the proof of
Theorem 3 we used the fact that for L > −1 and η ∈ R the function r 7→ rF ′L,η(r) − LFL,η(r) has only
real zeros. Now we are asking what happens in general with the zeros of the linear combinations of the
normalized Coulomb wave function and its derivative.
Open Problem 3. Under which conditions on L, η and α the function r 7→ rF ′L,η(r) + αFL,η(r) has
only real zeros?
In the proof of the main results concerning the radii of univalence, starlikeness and convexity it was
essential the fact that η ≤ 0. The last open problem of this paper is related to this condition.
Open Problem 4. Is it possible to relax the condition η ≤ 0 in the main results?
3. Proofs of the main results
Proof of Lemma 1. Observe that it is enough to show the inequality for the sign − or + in the brackets
since one implies the other by changing z to −z. Taking into account this we shall prove the inequality
(3.1) λRe
z2
a(a− z) − Re
z2
b(b− z) ≥ λ
|z|2
a(a− |z|) −
|z|2
b(b− |z|) ,
where λ ∈ [0, 1], a > b > 0 and z ∈ C such that |z| < b. For z = x + iy and m = |z| we consider the
function ϕ : [m,∞)→ R, defined by
ϕ(t) = Re
z2
t(t− z) −
|z|2
t(t− |z|) =
m− x
t
− t
t−m +
t2 − tx
t2 − 2tx+m2 .
We will show that this function maps the interval [m,∞) into (−∞, 0] and increases. For t > m we have
ϕ′(t) = −m− x
t2
+
m
(t−m)2 +
2tm2 −m2x− t2x
(t2 − 2tx+m2)2
≥ − m− x
(t−m)2 +
m
(t−m)2 +
2tm2 −m2x− t2x
(t2 − 2tx+m2)2
=
x
(t−m)2 +
2tm2 −m2x− t2x
(t2 − 2tx+m2)2
≥ x
t2 − 2tx+m2 +
2tm2 −m2x− t2x
(t2 − 2tx+m2)2
=
2t(m2 − x2)
(t2 − 2tx+m2)2 > 0,
which implies that ϕ is indeed increasing. Moreover, since limtցm ϕ(t) = −∞ and limt→∞ ϕ(t) = 0, it
follows that ϕ maps indeed the interval [m,∞) into (−∞, 0]. In other words, for |z| < µ we have
Re
z2
µ(µ− z) ≤
|z|2
µ(µ− |z|) ,
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which implies that
λ
[
Re
z2
a(a− z) −
|z|2
a(a− |z|)
]
≥ Re z
2
a(a− z) −
|z|2
a(a− |z|) ,
where |z| < a. On the other hand, since ϕ is increasing we have that if a > b > m, then ϕ(a) > ϕ(b),
that is,
Re
z2
a(a− z) −
|z|2
a(a− |z|) > Re
z2
b(b− z) −
|z|2
b(b− |z|) .
Combining these two inequalities we have that (3.1) is true, and this completes the proof. 
Proof of Theorem 1. The Weierstrassian canonical product expansion of the Coulomb wave function
reads as (see [17])
(3.2) FL,η(z) = CL(η)z
L+1e
ηz
L+1
∏
n≥1
(
1− z
ρL,η,n
)
e
z
ρL,η,n ,
where ρL,η,n is the nth zero of the Coulomb wave function. Logarithmic derivation yields
F ′L,η(z)
FL,η(z)
=
L+ 1
z
+
η
L+ 1
−
∑
n≥1
z
ρL,η,n(ρL,η,n − z) ,
and this implies that
zf ′L,η(z)
fL,η(z)
=
1
L+ 1
zF ′L,η(z)
FL,η(z)
= 1 +
ηz
(L+ 1)
2 −
1
L+ 1
∑
n≥1
z2
ρL,η,n(ρL,η,n − z)
and
zg′L,η(z)
gL,η(z)
= −L+ zF
′
L,η(z)
FL,η(z)
= 1 +
ηz
L+ 1
−
∑
n≥1
z2
ρL,η,n(ρL,η,n − z) .
Now, taking into account that the zeros ρL,η,n can be separated into positive xL,η,n and negative yL,η,n
zeros the above equations can be written as (for the first equation see [2])
F ′L,η(z)
FL,η(z)
=
L+ 1
z
+
η
L+ 1
−
∑
n≥1
[
z
xL,η,n(xL,η,n − z) +
z
yL,η,n(yL,η,n − z)
]
,
zf ′L,η(z)
fL,η(z)
= 1 +
ηz
(L+ 1)2
− 1
L+ 1
∑
n≥1
[
z2
xL,η,n(xL,η,n − z) +
z2
yL,η,n(yL,η,n − z)
]
and
zg′L,η(z)
gL,η(z)
= 1 +
ηz
L+ 1
−
∑
n≥1
[
z2
xL,η,n(xL,η,n − z) +
z2
yL,η,n(yL,η,n − z)
]
.
In order to prove the assertions of the theorem we need to show that for the corresponding values of L, η
and β the inequalities
(3.3) Re
[
zf ′L,η(z)
fL,η(z)
]
> β and Re
[
zg′L,η(z)
gL,η(z)
]
> β
are valid for z ∈ Dr∗
β
(fL,η) and z ∈ Dr∗β(gL,η), respectively, and each of the above inequalities does not hold
in larger disks. By using the inequalities (with − and + in the brackets) in (2.1) for the case λ = 0 we
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have that
Re
[
zf ′L,η(z)
fL,η(z)
]
= 1 +
ηRe z
(L+ 1)
2 −
1
L+ 1
∑
n≥1
Re
[
z2
xL,η,n(xL,η,n − z) +
z2
yL,η,n(yL,η,n − z)
]
= 1 +
ηRe z
(L+ 1)2
− 1
L+ 1
∑
n≥1
Re
[
z2
xL,η,n(xL,η,n − z) +
z2
|yL,η,n| (|yL,η,n|+ z)
]
≥ 1 + η |z|
(L+ 1)
2 −
1
L+ 1
∑
n≥1
[
|z|2
xL,η,n(xL,η,n − |z|) +
|z|2
|yL,η,n| (|yL,η,n|+ |z|)
]
= 1 +
η |z|
(L+ 1)
2 −
1
L+ 1
∑
n≥1
[
|z|2
xL,η,n(xL,η,n − |z|) +
|z|2
yL,η,n(yL,η,n − |z|)
]
=
|z| f ′L,η(|z|)
fL,η(|z|)
and
Re
[
zg′L,η(z)
gL,η(z)
]
= 1 +
ηRe z
L+ 1
−
∑
n≥1
Re
[
z2
xL,η,n(xL,η,n − z) +
z2
yL,η,n(yL,η,n − z)
]
= 1 +
ηRe z
L+ 1
−
∑
n≥1
Re
[
z2
xL,η,n(xL,η,n − z) +
z2
|yL,η,n| (|yL,η,n|+ z)
]
≥ 1 + η |z|
L+ 1
−
∑
n≥1
[
|z|2
xL,η,n(xL,η,n − |z|) +
|z|2
|yL,η,n| (|yL,η,n|+ |z|)
]
= 1 +
η |z|
L+ 1
−
∑
n≥1
[
|z|2
xL,η,n(xL,η,n − |z|) +
|z|2
yL,η,n(yL,η,n − |z|)
]
=
|z| g′L,η(|z|)
gL,η(|z|) ,
where |z| < ω = min {xL,η,1, |yL,η,1|} , and equalities are attained only when z = |z| = r. The latter
inequalities and minimum principle for harmonic functions imply that the corresponding inequalities in
(3.3) hold if and only if |z| < αL,η and |z| < δL,η, respectively, where αL,η and δL,η are the smallest
positive roots of the equations
(3.4)
rf ′L,η(r)
fL,η(r)
= β and
rg′L,η(r)
gL,η(r)
= β
which are equivalent to
rF ′L,η(r) − β(L + 1)FL,η(r) = 0 and (L+ β)FL,η(r) − rF ′L,η(r) = 0.
In other words, we proved that
inf
z∈Dr
[
zf ′L,η(z)
fL,η(z)
]
=
rf ′L,η(r)
fL,η(r)
= F (r) and inf
z∈Dr
[
zg′L,η(z)
gL,η(z)
]
=
rg′L,η(r)
gL,η(r)
= G(r),
and since the real functions F,G : (0, ω)→ R are decreasing, and take the limits
lim
rց0
F (r) = lim
rց0
G(r) = 1 and lim
rրxL,η,1
F (r) = lim
rցyL,η,1
F (r) = lim
rրxL,η,1
G(r) = lim
rցyL,η,1
G(r) = −∞,
it follows that the inequalities in (3.3) indeed hold for z ∈ DαL,η and z ∈ DδL,η , respectively if and only
if the real numbers αL,η and δL,η are the smallest roots of the corresponding equations in (3.4). 
Proof of Theorem 2. Since the coefficients of the normalized regular Coulomb wave functions fL,η and
gL,η are real, according to Wilf [21] it follows that their radii of convexity are less or equal than their
radii of starlikeness, which are less or equal than their radii of univalence. Thus, we just need to show
that the radii of univalence are less or equal than the corresponding radii of starlikeness. On the other
hand, following the proof of Theorem 1 it is clear that for L > −1, η ≤ 0 and |z| < r we have
Re
[
zf ′L,η(z)
fL,η(z)
]
>
rf ′L,η(r)
fL,η(r)
and Re
[
zg′L,η(z)
gL,η(z)
]
>
rg′L,η(r)
gL,η(r)
,
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and each quantity on the right-hand sides of the above inequalities remain positive until the first positive
zero of f ′L,η and g
′
L,η is reached, that is, as long as r ≤ r∗(fL,η) and r ≤ r∗(gL,η), respectively. This
shows that indeed the radii of univalence and starlikeness coincide.
Now, recall that the infinite sum of the regular Coulomb wave function FL,η is
FL,η(z) = CL(η)
∑
n≥0
aL,nz
n+L+1.
Thus, we obtain
F ′L,η(z) = CL(η)z
L
∑
n≥0
(n+ L+ 1)aL,nz
n
and since the growth order τC of the entire regular Coulomb wave function z 7→ C−1L (η)z−L−1FL,η(z)
satisfies (see [2])
(3.5) 1 ≤ τC = lim sup
n→∞
n logn
− log |aL,n| < 2,
it follows that
lim sup
n→∞
n logn
− log [(n+ L+ 1)|aL,n|] = lim supn→∞
n logn
− log(n+ L+ 1)− log |aL,n| = lim supn→∞
n logn
− log |aL,n| .
Thus, in view of (3.5), and by using the Hadamard theorem concerning the canonical Weierstrassian
representation of entire functions we can write the infinite product representation of F ′L,η as follows
(3.6) F ′L,η(z) = (L+ 1)CL(η)z
Le
η(L+2)z
(L+1)2
∏
n≥1
(
1− z
ρ′L,η,n
)
e
z
ρ′
L,η,n ,
where ρ′L,η,n is the nth zero of the function F
′
L,η(z). In other words, the derivative of the Coulomb wave
function has the same growth order as the function itself (this follows also from the theory of entire
functions) and consequently it has a similar infinite product representation. Summarizing, the expression
ΘL,η(z) = (L + 1)
−1CL(η)z
−LF ′L,η(z)
can be written as
ΘL,η(z) = e
η(L+2)z
(L+1)2
∏
n≥1
(
1− z
ρ′L,η,n
)
e
z
ρ′
L,η,n =
∑
n≥0
n+ L+ 1
L+ 1
aL,nz
n,
and taking its logarithmic derivative we obtain that
Θ′L,η(z)
ΘL,η(z)
=
η(L + 2)
(L + 1)2
+ σ1 −
∑
n≥1
∑
m≥0
zm
(ρ′L,η,n)
m+1
=
η(L+ 2)
(L+ 1)2
−
∑
m≥1
σm+1z
m
and
Θ′L,η(z)
ΘL,η(z)
=
∑
n≥0
(n+1)(n+L+2)
L+1 aL,n+1z
n
∑
n≥0
n+L+1
L+1 aL,nz
n
,
where |z| < |ρ′L,η,1| and σm =
∑
n≥1 (ρ
′
L,η,n)
−m
is the Rayleigh sum of the zeros of the derivative of the
Coulomb wave function. By equating the coefficients of the power series we can find the Rayleigh sums
σm term by term and by using the Euler-Rayleigh inequalities
σ
− 1
m
m < |ρ′L,η,1| <
σm
σm+1
we can found lower and upper bounds for the radius of starlikeness (and univalence) of the function fL,η.
To prove the inequalities (2.2) and (2.3) we shall use the above Euler-Rayleigh inequalities for m = 2.
However, we remark here that in the Euler-Rayleigh inequalities the lower bounds increase and upper
bounds decrease to ρ′L,η,1 as m → ∞. Thus, it would be possible to improve the inequalities (2.2) and
(2.3) by using higher order Euler-Rayleigh inequalities. We note that
σ2 = − lim
z→0
[
Θ′L,η(z)
ΘL,η(z)
]′
=
(
L+ 2
L+ 1
aL,1
)2
− 2L+ 3
L+ 1
aL,2
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and
σ3 = − lim
z→0
[
Θ′L,η(z)
ΘL,η(z)
]′′
=
η(L+ 2)
(L + 1)2
L+ 3
L+ 1
aL,2 − σ2L+ 2
L+ 1
aL,1 − 3(L+ 4)
L+ 1
aL,3,
which can be rewritten as
σ2 =
L4 + 6L3 + (η2 + 12)L2 + 2(3η2 + 5)L+ 3(2η2 + 1)
(L+ 1)4(2L+ 3)
and
σ3 =
η(4L7 + η1L
6 + η2L
5 + 8η3L
4 + 2η4L
3 + η5L
2 + 9(5− 28η2)L − 72η2)
2(L+ 1)6(L+ 2)(2L+ 3)
.
Now, we focus on the radius of starlikeness of the normalized regular Coulomb wave function gL,η,
which by means of (3.2) can be written as
gL,η(z) = ze
ηz
L+1
∏
n≥1
(
1− z
ρL,η,n
)
e
z
ρL,η,n .
Since for L > −1 and η ∈ R the zeros of the regular Coulomb wave functions are real it follows that the
function gL,η belongs to the Laguerre-Po´lya class LP of real entire functions, which are uniform limits
of real polynomials whose all zeros are real. Now, since the Laguerre-Po´lya class LP is closed under
differentiation, it follows that g′L,η belongs also to the Laguerre-Po´lya class and hence all of its zeros
are real. On the other hand, by using the fact the growth order of an entire function and its derivative
coincide, in view of Hadamard theorem we immediately have that
(3.7) g′L,η(z) = e
2ηz
L+1
∏
n≥1
(
1− z
ξL,η,n
)
e
z
ξL,η,n ,
where ξL,η,n stands for the nth zero of the function g
′
L,η, that is of r 7→ rF ′L,η(r) − LFL,η(r). Thus, by
using this infinite product we obtain
g′′L,η(z)
g′L,η(z)
=
2η
L+ 1
+ ς1 −
∑
n≥1
∑
k≥0
zk
ξk+1L,η,n
=
2η
L+ 1
−
∑
k≥1
ςk+1z
k,
where |z| < |ξL,η,1| and ςk =
∑
n≥1 ξ
−k
L,η,n is the corresponding Rayleigh sum. Equating the corresponding
coefficients we obtain that
ς2 =
4η
L+ 1
aL,1 − 6aL,2 and ς3 = 6η
L+ 1
aL,2 − 2ς2aL,1 − 12aL,3,
which can be written as
ς2 =
3L2 + 2(η2 + 3)L+ 3(2η2 + 1)
(L + 1)2(2L+ 3)
and
ς3 =
η(8L4 + (31− 16η2)L3 + 2(19− 26η2)L2 + 3(5− 22η2)L − 36η2)
(L+ 1)3(L+ 2)(2L+ 3)
.
Thus, by using the Euler-Rayleigh inequalities
ς
− 1
m
m < |ξL,η,1| < ςm
ςm+1
for the particular case m = 2, we obtain the estimates in (2.4) and (2.5). 
Proof of Theorem 3. We note that
1 +
zf ′′L,η(z)
f ′L,η(z)
= 1 +
zF ′′L,η(z)
F ′L,η(z)
− L
L+ 1
zF ′L,η(z)
FL,η(z)
,
and since by means of (3.6) we have
1 +
zF ′′L,η(z)
F ′L,η(z)
= 1 + L+
η(L + 2)z
(L+ 1)2
−
∑
n≥1
z2
ρ′L,η,n(ρ
′
L,η,n − z)
,
it follows that
1 +
zf ′′L,η(z)
f ′L,η(z)
= 1 +
2ηz
(L+ 1)
2 +
L
L+ 1
∑
n≥1
z2
ρL,η,n(ρL,η,n − z) −
∑
n≥1
z2
ρ′L,η,n(ρ
′
L,η,n − z)
.
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On the other hand, we know that (see [17]) if L > −1 and η ∈ R, then zeros of the regular Coulomb
wave function FL,η are real. Moreover, if L > − 12 and η ∈ R, then the zeros of FL,η and F ′L,η are
interlacing (see [2] for more details). Denoting by x′L,η,n and y
′
L,η,n the nth positive and negative zeros
of the function F ′L,η we obtain for L ∈
(− 12 , 0] and |z| < ω′ = min{x′L,η,1, y′L,η,1}
Re
[
1 +
zf ′′L,η(z)
f ′L,η(z)
]
= 1 +
2ηRe z
(L+ 1)
2 +
L
L+ 1
∑
n≥1
Re
[
z2
xL,η,n(xL,η,n − z) +
z2
yL,η,n(yL,η,n − z)
]
−
∑
n≥1
Re
[
z2
x′L,η,n(x
′
L,η,n − z)
+
z2
y′L,η,n(y
′
L,η,n − z)
]
and proceeding exactly as in the proof of Theorem 1, we obtain that
Re
[
1 +
zf ′′L,η(z)
f ′L,η(z)
]
≥ 1 + |z|f
′′
L,η(|z|)
f ′L,η(|z|)
for all L ∈ (− 12 , 0] and |z| < ω′. Moreover, observe that if we use the inequality (2.1) we get that the
above inequality is also valid when L > 0. Here we used that the zeros ρL,η,n and ρ
′
L,η,n interlace for
L > − 12 , according to [2, Theorem 5]. Thus, for r ∈ (0, ω′) we have
inf
z∈Dr
{
Re
[
1 +
zf ′′L,η(z)
f ′L,η(z)
]}
= 1 +
rf ′′L,η(r)
f ′L,η(r)
.
On the other hand, the function FL,η : (0, ω
′)→ R, defined by
FL,η(r) = 1 +
rf ′′L,η(r)
f ′L,η(r)
is strictly decreasing for all η ≤ 0 and L > − 12 . Namely, we have
F
′
L,η(r) =
2η
(L+ 1)2
+
L
L+ 1
∑
n≥1
r(2ρL,η,n − r)
ρL,η,n(ρL,η,n − r)2 −
∑
n≥1
r(2ρ′L,η,n − r)
ρ′L,η,n(ρ
′
L,η,n − r)2
,
and this is clearly negative for η ≤ 0, L ∈ (− 12 , 0] and r < ω′. Moreover, when η ≤ 0 and L > 0 we have
F
′
L,η(r) <
∑
n≥1
r(2ρL,η,n − r)
ρL,η,n(ρL,η,n − r)2 −
∑
n≥1
r(2ρ′L,η,n − r)
ρ′L,η,n(ρ
′
L,η,n − r)2
< 0,
where we used again the fact that the zeros ρL,η,n and ρ
′
L,η,n interlace for L > − 12 , and the functions a 7→
2a± r
a(a± r)2 are decreasing. On the other hand, we have the limits limrց0 FL,η(r) = 1 and limrրω′ FL,η(r) =
−∞. Consequently, the equation FL,η(r) = β has a unique root and this equation is equivalent to (2.6).
Now, we focus on the radius of convexity of the normalized regular Coulomb wave function gL,η. Since
the infinite product in (3.7) is absolutely convergent on compact subsets of the complex plane, we can
take the logarithmic derivative of both sides of the equation (3.7) to obtain
1 +
zg′′L,η(z)
g′L,η(z)
= 1 +
2ηz
L+ 1
−
∑
n≥1
z2
ξL,η,n(ξL,η,n − z) .
By using similar steps as in the proof of Theorem 1 we conclude that
Re
[
1 +
zg′′L,η(z)
g′L,η(z)
]
≥ 1 + |z|g
′′
L,η(|z|)
g′L,η(|z|)
where |z| < ε = min {αL,η,1, |βL,η,1|} , and equality is attained only when z = |z| = r. Here αL,η,n and
βL,η,n denote the nth positive and negative zero of g
′
L,η. The above inequality and minimum principle
for harmonic functions imply that the inequality
Re
[
1 +
zg′′L,η(z)
g′L,η(z)
]
> β
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holds if and only if |z| < ςL,η, where ςL,η is the smallest positive root of the equations
1 +
rg′′L,η(r)
g′L,η(r)
= β.
Here we used the fact that the function
r 7→ 1 + rg
′′
L,η(r)
g′L,η(r)
= 1 +
2ηr
L+ 1
−
∑
n≥1
r2
ξL,η,n(ξL,η,n − r)
maps (0, ε) into (−∞, 1) and it is decreasing. 
Proof of Theorem 4. Since the regular Coulomb wave function FL,η satisfies the Coulomb differential
equation
z2w′′(z) +
[
z2 − 2ηz − L(L+ 1)]w(z) = 0
it follows that gL,η satisfies the next homogeneous second order linear differential equation
z2w′′(z) + 2Lzw′(z) +
(
z2 − 2ηz − 2L)w(z) = 0
and consequently
(3.8) z2g′′L,η(z) + 2Lzg
′
L,η(z)) +
(
z2 − 2ηz − 2L) gL,η(z) = 0,
where z ∈ D, η, L ∈ C. If we consider the expression Ψ(r, s, t; z) = t + 2Ls + (z2 − 2ηz − 2L) r and
C ⊇ Ω = {0}, then the equation (3.8) implies Ψ(gL,η(z), zg′L,η(z), z2g
′′
L,η(z); z) ∈ Ω for all z ∈ D. Now, we
shall use Lemma 2 to prove that Re gL,η(z) > 0 for all z ∈ D. If we put z = x+ iy, where x, y ∈ (−1, 1),
then
ReΨ (ρi, σ, µ+ iν;x+ iy) = (µ+ σ) + (2ReL− 1)σ − (2xy − 2yRe η − 2x Im η − 2 ImL) ρ
for all ρ, σ, µ, ν ∈ R. Let ρ, σ, µ, ν ∈ R and L ∈ C satisfy µ + σ ≤ 0, σ ≤ −(1 + ρ2)/2 and ReL ≥ 12 . We
have
ReΨ (ρi, σ, µ+ iν;x+ iy) ≤ −
(
ReL− 1
2
)
ρ2−2 (xy − yRe η − x Im η − ImL)ρ−
(
ReL− 1
2
)
= Q1(ρ).
The discriminant ∆1 of the quadratic form Q1(ρ) is
∆1 = 4 (yRe η + x Im η + ImL− xy)2 − (2ReL− 1)2 .
By using the well-known Cauchy-Bunyakovsky-Schwarz inequality we have
yRe η + x Im η ≤ |yRe η + x Im η| ≤
√
(Re η)
2
+ (Im η)
2
√
x2 + y2 < |η| ,
and since ImL− xy > ImL− 1 ≥ 0 we get that
∆1 = 4
[
(yRe η + x Im η)
2
+ 2 (yRe η + x Im η) (ImL− xy) + (ImL− xy)2
]
− (2ReL− 1)2
≤ 4
[
|η|2 + 2|η|(ImL+ 1) + (ImL+ 1)2
]
− (2ReL− 1)2
≤ 4 (1 + ImL+ |η|)2 − (2ReL− 1)2 ≤ 0.
Thus, the quadratic form Q1(ρ) is strictly negative and consequently we have
ReΨ (ρi, σ, µ+ iν;x+ iy) < 0.
By Lemma 2 we conclude that Re gL,η(z) > 0 for all z ∈ D.
Now, define the function qL,η : D→ C by
qL,η(z) =
zg′L,η(z)
gL,η(z)
.
The function qL,η is analytic in D and qL,η(0) = 1. Suppose that z 6= 0. We know that gL,η(z) 6= 0 and
therefore if we divide both sides of equation (3.8) with gL,η(z), we obtain
z2g′′L,η(z)
gL,η(z)
+ 2L
zg′L,η(z)
gL,η(z)
+
(
z2 − 2ηz − 2L) = 0
or
(3.9)
[
zg′′L,η(z)
g′L,η(z)
][
zg′L,η(z)
gL,η(z)
]
+ 2L
[
zg′L,η(z)
gL,η(z)
]
+
(
z2 − 2ηz − 2L) = 0.
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Differentiating logarithmically the expression qL,η(z), we obtain
zg′′L,η(z)
g′L,η(z)
=
zq′(z) + q2(z)− q(z)
q(z)
.
In view of (3.9) this result reveals that qL,η satisfies the following differential equation:
(3.10) zq′L,η(z) + q
2
L,η(z) + (2L− 1)qL,η(z) +
(
z2 − 2ηz − 2L) = 0.
If we use Ψ(r, s; z) = s+ r2+(2L− 1)r+ (z2 − 2ηz − 2L) and Ω = {0}, then (3.10) implies that we have
Ψ(qL,η(z), zq
′
L,η(z); z) ∈ Ω for all z ∈ D. Now we use Lemma 2 to prove that Re qL,η(z) > 0 for all z ∈ D.
For z = x+ iy ∈ D and ρ, σ ∈ R satisfying σ ≤ −(1 + ρ2)/2 we obtain
ReΨ (ρi, σ;x+ iy) = σ − ρ2 + x2 − y2 + 2ρ ImL− 2xRe η + 2y Im η − 2ReL
≤ −3
2
ρ2 + 2ρ ImL− 2xRe η + 2y Im η − 2ReL+ 1
2
= Q2(ρ)
The discriminant ∆2 of the quadratic form Q2(ρ) is
∆2 = 4(ImL)
2 + 12
(
y Im η − xRe η − ReL+ 1
4
)
.
By the Cauchy-Bunyakovsky-Schwarz inequality we have
y Im η − xRe η ≤ |y Im η − xRe η| ≤
√
(Re η)2 + (Im η)2
√
x2 + y2 < |η| .
Therefore we have
∆2
4
≤ (ImL)2 + 3
(
|η| − ReL+ 1
4
)
≤ 0.
Thus, the quadratic form Q2(ρ) is strictly negative and consequently we have ReΨ (ρi, σ;x+ iy) < 0. By
Lemma 2 we conclude that Re qL,η(z) > 0 for all z ∈ D, which show that gL,η is starlike in D. 
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